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Exclusive hadronic τ decays in the resonance effective action of QCD ∗
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Until present the study of the form factors associated to the vector and axial–vector components of the hadronic
weak current has been carried out with a plethora of modelizations of the underlying strong interactions. While
of importance to get an understanding of the dynamics involved, the amount and quality of the experimental
data start to show some discrepancies with the analysed models. Moreover, and from a theoretical point of
view, most of these models are not consistent with quantum chromodynamics (QCD). We propose a QCD–based
model–independent procedure to analyse those decays through the use of the resonance chiral theory, the low–
energy effective action of QCD in the relevant resonance region. Within this framework we study the hadronic
off–shell width of the ρ meson and the vector form factor of pion in τ− → pi−pi0ντ . We also comment on the
τ
−
→ (pipipi)−ντ decay.
1. Introduction
The study of matrix elements of hadronic cur-
rents in the low–energy regime is a long–standing
problem of particle physics driven by our poor
knowledge of non–perturbative QCD. In this
framework exclusive hadronic τ decays (τ− →
H−ντ ) provide an excellent dynamical system to
explore, due to the hadronically clean initial state
and the factorization between lepton and hadron
sectors generically given, in the Standard Model,
by
M =
GF√
2
VCKM uνγ
µ(1 − γ5)uτ Hµ ,
Hµ = 〈H | (Vµ −Aµ)eiLstrong | 0 〉 . (1)
Symmetries help us to define a decomposition of
Hµ in terms of the allowed Lorentz structure of
implied momenta and a set of functions of Lorentz
invariants, the form factors FHi ,
Hµ =
∑
i
( . . . )iµ︸ ︷︷ ︸
Lorentz struc.
FHi (q
2, . . .) . (2)
Form factors are the goal of the hadronic matrix
elements evaluation and, as can be noticed from
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the definition of Hµ in Eq. (1), are a strong in-
teraction related problem in a non–perturbative
regime.
In the last years experiments like ALEPH,
CLEO-II, DELPHI and OPAL [1–3] have col-
lected an important amount of experimental data
on exclusive channels. Analyses of these data are
carried out using the TAUOLA library [4] that
includes modelizations of the hadronic matrix el-
ements. Though heuristically based in expected
consequences of QCD, models include simplifying
assumptions that may be are not well controlled
from QCD itself. Therefore, while of importance
to get an understanding of the dynamics involved,
models can be misleading and provide a delu-
sive interpretation of data. Of particular impor-
tance are the processes with two and three pseu-
doscalars in the final state. TAUOLA describes
these using the Ku¨hn and Santamaria model [5].
In order to find out the size of the hadronic un-
certainties hidden in the modelization a common
procedure is to use another model, typically the
Gounaris and Sakurai [6], and then the error is
estimated from the difference between the results
of both modelizations [2].
The question that we address in this note is how
much we can say about the semileptonic form fac-
tors in a model–independent way. We will study
2here the pion vector form factor in τ− → π−π0ντ
and the problem of defining a hadronic off–shell
width of meson resonances. We comment shortly
on the τ− → (πππ)−ντ decay.
2. Model–independent knowledge
Our study is intended to extract information
by exploiting well–known basic properties of S–
matrix theory and QCD. These provide precise
constraints to take into account both on the
hadronic off–shell widths of meson resonances and
the relevant form factors. We sketch here the per-
tinent features.
2.1. S–matrix theory properties
On general grounds local causality of the inter-
action translates into the analyticity properties
of amplitudes and, correspondingly, of form fac-
tors. Being analytic functions in complex vari-
ables the behaviour of form factors at different
energy scales is related and, moreover, they are
completely determined by their singularities. Dis-
persion relations embody rigorously these proper-
ties and are the appropriate tool to enforce them.
In addition unitarity must be satisfied in all
physical regions. This S–matrix property pro-
vides precise information on the relevant contri-
butions to the spectral functions of correlators of
hadronic currents. These are closely related to
the form factors.
Unitarity and analyticity complement each
other. We will see later on, in some examples,
how these S–matrix theory features help in the
construction of hadronic observables.
2.2. QCD
Though we do not know how to evaluate low–
energy hadronic matrix elements from QCD it-
self, a theorem put forward by S. Weinberg [7]
and worked out by H. Leutwyler [8] sets that,
if one writes down the most general possible
Lagrangian, including all terms consistent with
assumed symmetry principles, and then calcu-
lates matrix elements with this Lagrangian to
any given order of perturbation theory, the result
will be the most general possible S–matrix consis-
tent with analyticity, perturbative unitarity, clus-
ter decomposition and the principles of symmetry
that have been specified. It is in this statement
that part of the model–independent work on low–
energy hadronic physics has been based upon.
Massless QCD is symmetric under global in-
dependent SU(NF ) rotations of left– and right–
handed quark fields
qL → hL qL , hL ∈ SU(NF )L,
qR → hR qR , hR ∈ SU(NF )R, (3)
where NF = 2, 3 is the number of light flavours.
This is the well–known SU(NF )L⊗SU(NF )R chi-
ral symmetry of QCD [7,9–11]. Quark masses
break explicitly this symmetry but what is more
relevant is that it seems it is also spontaneously
broken. Though a rigorous prove of this fea-
ture has only been achieved in the large num-
ber of colours limit [12], the known phenomenol-
ogy supports that statement. Goldstone theorem
demands the appearance of a phase of massless
bosons associated to the broken generators of the
symmetry and their quantum numbers happen to
correspond to those of the lightest octet (NF = 3)
of pseudoscalars : π, K and η. Their non–
vanishing masses are due to the explicit breaking
of chiral symmetry through quark masses.
This Goldstone phase is fortunate because it
provides an energy gap into the meson spectrum
between the octet of pseudoscalars and the heav-
ier mesons starting with the ρ(770). We can
take precisely the mass of this resonance Mρ as
a reference scale to introduce effective actions of
the underlying QCD:
a) E ≪Mρ
In this energy region chiral symmetry is the
guiding principle to follow. The relevant effec-
tive theory of QCD is chiral perturbation theory
(χPT) [7,11] that exploits properly the chiral
symmetry SU(NF )L ⊗ SU(NF )R. In this ef-
fective action the active degrees of freedom are
those of the octet of pseudoscalars and the heav-
ier spectrum has been integrated out. As its own
name implies, χPT is a perturbation theory in
the momenta of pseudoscalars over a typical scale
Λχ ∼ 1GeV. This entails that the interaction
vanishes with the momentum, giving an example
of dual behaviour between the effective action
3(perturbative at low energies) and QCD (where
asymptotic freedom prevents a perturbative ex-
pansion in that energy regime). By demanding
that the interaction satisfies chiral symmetry the
complete structure of the operators, at a definite
perturbative order, is defined. However chiral
symmetry does not give any information on their
couplings that, in general, carry the information
of the contributions of heavier states that have
been integrated out. Their study is outside the
scope of χPT but some thorough developments
have been achieved [13,14].
χPT is a long–standing successful framework
for the study of strong and weak processes at
very low energies [15].
b) E ≃Mρ
At E ≃ 1GeV other meson states (mainly
unstables) are active degrees of freedom to take
into account. Chiral symmetry still provides the
guide in the construction of the effective action of
QCD, following the pioneering work of S. Wein-
berg [10] in which the new states are represented
by fields that transform non–linearly under the
axial part of the chiral group. For the light-
est octet of resonances (vectors, axial–vectors,
scalars and pseudoscalars) this procedure was
carried out in Ref. [13] and the resulting effective
action is called resonance chiral theory. As in
χPT, chiral symmetry constraints the structure
of the operators but gives no information on
their couplings, that remain unknown, though
they could be studied by using models. Reso-
nance chiral theory provides, therefore, a model–
independent parameterization of the processes
involving resonances and pseudoscalars in terms
of those couplings.
c) E ≫Mρ
At much higher energies the asymptotic free-
dom of QCD implies that a perturbative treat-
ment of the theory is indeed appropriate. The
study of this energy region is also important for
low–energy hadron physics because we are able to
evaluate, within QCD, the asymptotic behaviour
of spectral functions and then to impose these
constraints on the low–energy regime. This pro-
cedure is well supported at the phenomenological
level.
To take advantage of the underlying QCD
dynamics in the model–independent study of
hadronic observables, we have to consider the en-
tire view and how different energy regimes inter-
twine between themselves.
3. Hadronic off–shell width of meson reso-
nances
Before addressing the issue of form factors in
exclusive hadronic τ decays let us consider one of
its basic elements : the off–shell width of meson
resonances. We will focus in the width of the ρ
though the discussion is analogous for any meson
resonance. In Ref. [16] it was pointed out that
one could consider the evaluation of the off–shell
ρ width from the resonance chiral theory. The
detailed account, that I shortly report here, has
been developed in Ref. [17].
The resonance chiral effective theory with three
flavours and including only vector meson reso-
nances is given, at the lowest chiral order, by [13]
LχV = L(2)χ + LKV + L(2)V . (4)
Here L(2)χ is the O(p2) chiral Lagrangian
L(2)χ =
F 2
4
〈uµuµ + χ+ 〉 , (5)
where F is the pion decay constant (F ≈
92.4MeV),
uµ = i [u
†(∂µ − irµ)u − u(∂µ − iℓµ)u† ] ,
χ+ = u
†χu† + uχ†u ,
u = exp
(
i√
2F
Π
)
, (6)
and Π is the usual representation of the Goldstone
fields
Π =


π0√
2
+
η8√
6
π+ K+
π− − π0√
2
+
η8√
6
K0
K− K0 − 2√
6
η8

 .(7)
4In Eq. (5), 〈A〉 stands for a trace in flavour space.
L(2)χ has a SU(3)L⊗SU(3)R chiral gauge symme-
try supported by the external fields ℓµ, rµ and χ.
In Eq. (4), LKV is the kinetic Lagrangian of
vector mesons and L(2)V describes the chiral cou-
plings of vector mesons to the Goldstone fields
and external currents at the lowest order,
L(2)V =
FV
2
√
2
〈Vµν fµν+ 〉 + i
GV√
2
〈Vµν uµ uν〉 , (8)
where fµν+ = uF
µν
L u
† + u†FµνR u, with F
µν
L,R the
field strength tensors of the left and right exter-
nal currents ℓµ and rµ. Vµν denotes the octet of
the lightest vector mesons, in the antisymmetric
formulation [11,13], with a flavour content anal-
ogous to Π in Eq. (7). The effective couplings
FV and GV can be determined from the decays
ρ0 → e+e− and ρ0 → π+π− respectively. Notice
that only linear terms in the vector fields have
been considered in L(2)V .
Assuming unsubtracted dispersion relations for
the pion and axial form factors one gets two con-
straints [18] among the couplings F , FV and GV :
FV GV = F
2 , FV = 2GV , (9)
which are reasonably well satisfied phenomeno-
logically. We enforce those constraints in our
analysis.
A Lagrangian density that includes the Gold-
stone bosons and spin–1 resonances is not unique
but depends on the definitions of the fields,
whereas the observable physical quantities should
be independent of them. To take into account
this feature and in order to construct the dressed
propagator of the ρ meson we should consider,
for a definite intermediate state, all the contribu-
tions carrying the appropriate quantum numbers.
The first cut, in the ρ case, is a two–pseudoscalar
absorptive contribution that happens to saturate
its width. Here we will take into account two–
particle absorptive contributions only. In order
to fulfil short–distance QCD constraints, effective
vertices are not only diagrammatically driven by
the ρ propagator but also through local contribu-
tions.
The construction of these vertices goes as
sketched in Figure 1 where, at the leading or-
der, the local vertices on the right–hand side of

+

+
(s-hannel)
Figure 1. Effective vertices contributing to vector
transitions in the s–channel. The crossed circle
stands for an external vector current insertion. A
double line indicates the ρ and single ones the
pseudoscalars. Local vertices on the right–hand
side are provided, at leading order, by L(2)χ .
the equivalence are provided by the O(p2) chi-
ral Lagrangian L(2)χ in Eq. (5). The diagrams
contributing to physical observables will be con-
structed taking into account all possible combi-
nations of these two effective vertices.
We propose to define the spin–1 meson width
as the imaginary part of the pole generated by
resumming those diagrams, with an absorptive
part in the s–channel, that contribute to the two–
point function of the corresponding vector cur-
rent. That is, the pole of
Πjkµν = i
∫
d4x eiqx 〈0|T (V jµ (x)V kν (0)) |0〉 , (10)
with
V jµ =
δSχV
δvµj
, (11)
with SχV the action associated to LχV . We
take the ρ0 quantum numbers that correspond to
j = k = 3. Lorentz covariance and current con-
servation allow us to define an invariant function
of q2 through
Π33µν = (q
2gµν − qµqν)Πρ(q2) ,
(12)
Πρ(q2) = Πρ(0) + Π
ρ
(1) + Π
ρ
(2) + · · · ,
where Πρ(0) corresponds to the tree level contri-
bution, Πρ(1) to the one–loop amplitudes and so
5forth. By evaluating those diagrams in Figure 2
we find
Πρ(q2) =
F 2V
M2V − q2
[
1 + ω
∞∑
n=0
(
q2
M2V
ω
)n]
,
ω = −M
2
V
F 2V
M2V
M2V − q2
4B22 , (13)
where B22 has been defined properly in Ref. [17].

+
, K
+ + : : :
Figure 2. Dyson–Schwinger resummation giving
Πρ(q2). The effective squared vertices are those
given in Figure 1.
Now, resumming, using that F 2V = 2F
2 (see
Eq. (9)), we get for the imaginary part of the
pole
MV Γρ(q
2) = − 2M2V
q2
F 2
ImB22
=
M2V q
2
96 π F 2
[
σ3pi θ(q
2 − 4m2pi)
+
1
2
σ3K θ(q
2 − 4m2K)
]
, (14)
where σP =
√
1− 4m2P /q2. In Ref. [17] it is
shown that this result is independent of the spin–
1 field formulation that has been chosen. We em-
phasize that our result for Γρ(q
2) is constrained
by chiral symmetry and the asymptotic behaviour
of ImΠρ(q2) ruled by QCD. It would be de-
manding to have a different, leading, off–shell be-
haviour without spoiling those all–important fea-
tures.
A similar procedure could be applied to higher
multiplicity intermediate states by constructing
the relevant effective vertices analogous to those
in Figure 1. Although technically much more in-
volved, its study would be necessary to evaluate
the width of other resonances such as the ω(872)
or the axial–vector mesons.
4. Vector form factor of the pion
The pion vector form factor, FV (s) is defined
through
〈π+(p′)π−(p) |V 3µ | 0 〉 = (p− p′)µ FV (s) , (15)
where s = q2 = (p + p′)2 and V 3µ is the third
component of the vector current associated to the
SU(3) flavour symmetry of the QCD Lagrangian.
This form factor drives the hadronic part of both
e+e− → π+π− and τ− → π−π0ντ processes in
the isospin limit. At very low energies, FV (s) has
been studied in the χPT framework up to O(p6)
[19,20]. A successful study at the ρ(770) energy
scale has been carried out in the resonance chiral
theory in Ref. [16].
Analyticity and unitarity properties of FV (s)
tightly constrain, on general grounds, the struc-
ture of the form factor [16,21]. Elastic unitarity
and Watson final–state theorem relate the imagi-
nary part of FV (s) to the partial wave amplitude
t11 for ππ elastic scattering, with angular momen-
tum and isospin equal to one, as
ImFV (s+ iε) = e
iδ1
1 sin(δ11)FV (s)
∗ , (16)
that shows that the phase of FV (s) must be δ
1
1 .
Thus analyticity and unitarity properties of the
form factor are accomplished by demanding that
it should satisfy a n–subtracted dispersion rela-
tion with the Omne`s solution [16,22]
FV (s) = exp
{
n−1∑
k=0
sk
k!
dk
dsk
lnFV (s)|s=0
+
sn
π
∫ ∞
4m2pi
dz
zn
δ11(z)
z − s− iε
}
. (17)
This solution is strictly valid only below the in-
elastic threshold (s < 16m2pi), however higher
multiplicity intermediate states are suppressed by
phase space and ordinary chiral counting. The
δ11(s) phase–shift, appearing in Eq. (17), is rather
well known, experimentally, up to E ∼ 2GeV
[23].
Therefore and with an appropriate number of
subtractions we can parameterize FV (s) with the
subtraction constants appearing in the first term
of the exponential in Eq. (17). In Ref. [21] we
6have used three subtractions :
FV (s) = exp
{
α1s +
1
2
α2s
2
+
s3
π
∫ Λ2
4m2pi
dz
z3
δ11(z)
z − s− iε
}
, (18)
where we have introduced an upper cut in the
integration, Λ. This cut–off has to be taken high
enough not to spoil the, a priori, infinite interval
of integration, but low enough that the integrand
is well known in the interval. The two subtraction
constants α1 and α2 (a third one is fixed by the
normalization FV (0) = 1) are related with the
squared charge radius of the pion 〈r2〉piV and the
quadratic term cpiV in the low–energy expansion
FV (s) = 1 +
1
6
〈r2〉piV s + cpiV s2 + O(s3), (19)
through the relations
〈r2〉piV = 6α1 ,
cpiV =
1
2
(α2 + α
2
1) . (20)
FV (s) endows the hadronic dynamics in the
τ− → π−π0ντ decay. This process has recently
been measured accurately by three experimental
groups [2] : ALEPH, CLEO-II and OPAL. We
have taken FV (s), as given by Eq. (18), to fit the
ALEPH set of data. The input of the δ11(s) phase–
shift is included as follows [21]. Resonance chi-
ral theory and vector meson dominance provide a
model–independent analytic expression that de-
scribes properly the ρ(770) contribution [16]
δ11(s) = arctan
{
MρΓρ(s)
M2ρ − s
}
, (21)
with Γρ(s) the off–shell ρ(770) width in Eq. (14).
This phase–shift is accurate up to E ∼ 1GeV. At
higher energies heavier resonances with the same
quantum numbers pop up and we use the avail-
able experimental data from Ochs [23]. However
there are still contributions that are not taken
into account with Ochs data. These are those of
coupled channels that open at the KK threshold
[24]. Therefore in order to have a conservative
determination of the observables we choose to fit
the ALEPH data up to
√
s ≃ 1.1GeV where we
have a thorough control of the contributions. We
obtain, using Eq. (20),
Mρ = (0.775 ± 0.001)GeV,
〈r2〉piV = (11.04 ± 0.12)GeV−2, (22)
cpiV = (3.78 ± 0.04)GeV−4,
with χ2/d.o.f. = 33.8/21. In Figures 3 and 4
we show the prescription of FV (s) as given by
Eq. (18) with the results of the fit (Eq. (22)).
0.5 1
√s  (GeV)
0
1
lo
g 
|F V
|2
CLEO−II data [2]
ALEPH data [2]
Fit to Eq. (18)
Guerrero and Pich (Mρ = 0.776 GeV)
Figure 3. Comparison of experimental data of τ
decays with the results of our fit (Eq. (18)) and
the prediction of the Guerrero and Pich form fac-
tor (Eq. (28)).
A different model–independent procedure was
followed in Ref. [16] where FV (s) was compelled
by further requirements than those of analyticity
and unitarity. The behaviour of the vector form
factor of the pion, at low energies, is driven by
chiral symmetry. The SU(2) result of χPT up to
O(p4) [19] is
FχV (s) = 1+
2Lr9(µ)
F 2
s− s
96π2F 2
A
(
m2pi
s
,
m2pi
µ2
)
, (23)
where L9 is an, a priori unknown, coupling from
the O(p4) χPT Lagrangian, and A(x, y) = ln y +
8x−5/3+σ3x ln((σx+1)/(σx−1)), σx =
√
1− 4x,
the two–point one–loop integral containing the
chiral logarithms. Alternatively one could con-
sider the evaluation of FV (s) in the leading large
7−0.5 0 0.5 1 1.5
 s / √(|s|)    (GeV)
−0.5
0
0.5
1
1.5
lo
g 
|F V
|2
Fit to Eq. (18)
Guerrero and Pich (Mρ = 0.776 GeV)
Figure 4. Comparison of experimental data of
e+e− (time–like) [25] and eπ (space–like) [26]
with the results of our fit to τ data (Eq. (18))
and the prediction of the Guerrero and Pich form
factor (Eq. (28)).
NC limit where the vector form factor is given by
an infinite set of resonant contributions. Consid-
ering only the ρ(770) contribution we have [18]
FNCV (s) =
M2ρ
M2ρ − s
. (24)
Guerrero and Pich proceeded by matching both
results FχV (s) and F
NC
V (s) . This procedure is
simplified because of the fact that the one–loop
contribution to FχV (s) is next-to-leading in the
1/NC expansion. Then we have
FV (s) =
M2ρ
M2ρ − s
− s
96π2F 2
A
(
m2pi
s
,
m2pi
M2ρ
)
. (25)
Notice that this result implies a resummation of
the polynomial part given by χPT and prescribes
a value for Lr9(Mρ). The next step was to match
this result with the prescription provided by ana-
lyticity and unitarity through the Omne`s solution
(17). This gives
FV (s)=
M2ρ
M2ρ − s
exp
{
−s
96π2F 2
A
(
m2pi
s
,
m2pi
M2ρ
)}
.(26)
Finally, noticing that the pion contribution to
Γρ(s) in Eq. (14) can be written too as
Γρ(s) = − Mρs
96π2F 2
ImA
(
m2pi
s
,
m2pi
M2ρ
)
, (27)
Guerrero and Pich moved this piece from the ex-
ponential to the pole, with the final result
FV (s) =
M2ρ
M2ρ − s− iMρΓρ(s)
×
exp
{
−s
96π2F 2
ReA
(
m2pi
s
,
m2pi
M2ρ
)}
. (28)
Note that the only free parameter in this expres-
sion is Mρ. In spite of including the ρ(770) reso-
nance only, and as can be seen in Figures 3 and 4,
it does an excellent job in describing experimental
data up to E ∼ 1GeV, showing, once again, the
compelling role of chiral symmetry, vector meson
dominance, analyticity and unitarity in the de-
scription of form factors.
5. τ− → (3π)−ντ : axial–vector form factors
Similar ideas to the ones proposed previously
can be applied to more complicated processes. In
τ− → (πππ)−ντ the hadronic matrix element has,
in the isospin limit, contribution from the corre-
sponding axial–vector current (A−µ ) only. These
form factors can be defined as
〈π−(p1)π−(p2)π+(p3) |A−µ | 0 〉 =(
gµν − QµQν
Q2
) [
F1(Q
2, s1, s2) (p1 − p3)ν
+ F1(Q
2, s2, s1) (p2 − p3)ν
]
+ F2(Q
2, s1, s2)Qµ , (29)
where Q = p1 + p2 + p3, si = (Q − pi)2. In the
chiral limit (mpi = 0) F2(Q
2, s1, s2) = 0 and we
have just one form factor F1(Q
2, s1, s2) to work
out. This form factor is driven by both vector
and axial–vector resonances.
A thorough analysis of F1(Q
2, s1, s2) in the
model–independent framework of resonance chi-
ral theory and vector meson dominance is under
way [27]. Let us just to point out here the neces-
sity of this study. As we said in the Introduction
the present sets of experimental data are anal-
ysed using the TAUOLA library where the Ku¨hn
and Santamaria [5] hadronic matrix elements are
implemented. This model was constructed to be
8consistent with χPT at the leading O(p2) order
and with the asymptotic behaviour that QCD de-
mands to form factors. At O(p4) in χPT the con-
tribution of spin–1 resonances appears, and the
low–energy behaviour of F1(Q
2, s1, s2) given by
the model is
FKS1 ≃ 1 +
s1
M2V
+
Q2
M2A
+ O
(
q4
M4R
)
, (30)
where MV and MA are masses of vector and
axial–vector resonances, respectively. However
the evaluation of the form factor within resonance
chiral theory [27] provides the low–energy expan-
sion result
Fχ1 ≃ 1 +
3
2
s1
M2V
+ (. . .) + O
(
q4
M4R
)
, (31)
in agreement with the evaluation within the
framework of χPT at O(p4) [28]. This shows
that the Ku¨hn and Santamaria model is no longer
consistent, at O(p4), with the chiral symmetry of
QCD and, therefore, further studies are required.
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